We calculate one-loop renormalization factors of three-quark operators, which appear in the low energy effective Lagrangian of the nucleon decay, for O(a)-improved quark action and gauge action including six-link loops.
I. INTRODUCTION
While nucleon decay is one of the most exciting prediction from grand unified theories (GUTs) with and without supersymmetry, none of the decay modes have been experimentally detected up to now. Furthermore, the ongoing Super-Kamiokande experiment is now pushing the lower limit on the partial lifetimes of the nucleon by an order of magnitude from the previous measurements. In principle this would give a strong constraint on (SUSY-)GUTs, however, the uncertainties in the theoretical prediction of lifetimes due to poor knowledge of quantum effects at low energy such as hadron or SUSY scales obscure the direct impact of the experimental lifetime bound on the physics at the GUT scale. In particular, one of the main uncertainties has been found in the evaluation of the hadron matrix elements for the nucleon decays, for which various QCD models have given estimate differing by a factor of ten. Therefore precise determination of the nucleon decay matrix elements from first principles is required, for which Lattice QCD can play a crucial role.
Recently we carried out a model-independent calculation of the nucleon decay matrix elements employing the Wilson quark action and the plaquette gauge action in the quenched approximation [1] . Although one naively expects the error in the discretization and quenching approximation which are the two main systematic errors, it would be desirable to reduce these unknown systematic errors for high precision calculation. As a step toward this goal we are required to reduce the scaling violation effects by improving quark and gauge actions.
In this article we present perturbative results for renormalization factors of baryon number violating operators for improved quark and gauge actions: the O(a)-improved "clover" action originally proposed by Sheikholeslami and Wohlert [2] and the gauge action improved by addition of six link loops to the plaquette term in the Symanzik approach [3] and in the Wilson's renormalization group approach [4, 5] . Values of the one-loop coefficients of the renormalization factors are numerically evaluated for combinations of general values of the clover coefficients in the quark action and some specific values of the coefficients of the six-link loop terms in the gauge action. This paper is organized as follows. In Sec.II we give the improved quark and gauge actions on the lattice and their Feynman rules relevant for their calculation. Our calculational procedure of the renormalization factors for the baryon number violating operators is described in Sec.III, where we present expressions and numerical values for the one-loop coefficients of the renormalization factors. Our conclusions are summarized in Sec.IV.
The physical quantities are expressed in lattice units, and the lattice spacing a is suppressed unless necessary. Throughout this paper we use the same notation for quantities defined on the lattice and their counterparts in the continuum. In case of any possibility of confusion, however, we shall make a clear distinction between them.
II. ACTIONS AND FEYNMAN RULES
For the gauge action we consider the following general form including the standard plaquette term and six-link loop terms:
with the normalization condition
where six-link loops are 1×2 rectangle, a bent 1×2 rectangle (chair) and a three-dimensional parallelogram obtained by multiplying the link variables
The free gluon propagator is obtained in Ref. [3] :
The matrix A µν satisfies
(ii) A µν = A νµ ,
(iv)A µν (0) = 1 for µ = ν,
and its expression is given by
with µ = ν = ρ = τ the Lorentz indices. q µν and ∆ 4 are written as
In the case of the standard plaquette action, the matrix A µν is simplified as
For the quark action we consider the O(a)-improved quark action:
where we define the Euclidean gamma matrices in terms of the Minkowski matrices in the Bjorken-Drell convention:
The field strength P µν in the "clover" term is given by
From the quark action (15) we obtain the free quark propagator
In order to calculate renormalization factors of the baryon number violating operators up to one-loop level, we need the following vertices,
with p µ incoming quark momentum and q µ outgoing quark momentum. The first vertex originates from the Wilson quark action and the second one is the interaction due to the clover term. In the present calculation of the vertex corrections for the baryon number violating operators, the two-gluon vertices with quarks give no contribution.
We should note that the baryon number violating operators contain a charge conjugated field, whose action is obtained from eq.(15) with the replacement of
where the superscript T means the transposed matrix. According to this change, the Feynman rule of the quark-gluon vertices in eqs. (22) and (23) should be modified for the charge conjugated field.
III. RENORMALIZATION FACTORS FOR BARYON NUMBER VIOLATING OPERATORS A. Calculational procedure
We consider the following baryon number violating operators in the continuum and on the lattice: Ultraviolet divergences of composite operators are regularized by the cutoff a −1 in the lattice regularization scheme, while this is achieved by a reduction of the space-time dimension from four in some continuum regularization schemes, where we consider the naive dimensional regularization (NDR) scheme and the dimensional reduction (DRED) scheme.
Operators defined in different regularization schemes can be related by renormalization factors:
with µ the continuum renormalization scale. The explicit chiral symmetry breaking due to the Wilson term in the quark action (15) causes the mixing between operators with different chiral structures, which is denoted byÕ latt X,Y . Since QCD is a asymptotically free theory, Z diag,mix are expected to be perturbatively calculable in terms of the coupling constant g 2 /(16π 2 ) at high energy scales, which gives the following expressions,
where Σ 0 denotes the additive mass renormalization on the lattice, ∆ ψ is a contribution from the wavefunction and ∆ V is from the vertex function. Σ 0 and ∆ ψ are obtained by calculating the continuum and lattice quark self-energies Σ cont,latt and ∆ V is from the continuum and lattice vertex functions Λ cont,latt .
The quark self-energies in the continuum and on the lattice are defined through the inverse full quark propagators:
where we consider massless quark. The difference between Σ cont and Σ latt , which originates from the regularization scheme dependence of the self-energy, gives the quark wavefunction renormalization factor,
The additive quark mass renormalization is expressed as
with
Notice that the renormalization factor (31) is given for the case of m 0 = g 2 /(16π 2 )Σ 0 , where we consider the renormalization for massless quark.
The vertex functions up to one-loop level in the continuum and on the lattice are expressed in the following way, 
We note that the lattice quark-self energy and the lattice vertex corrections are general function of the clover coefficient c SW in the quark action and the six-link loop parameters 
where
We do not take the sum over the index µ for ∆ 
with C F = (N 2 − 1)/(2N) in the SU(N) group. The sum of Figs.1(a)−(k), which include the tadpole diagrams at the vertex, yields
We present numerical values of v (i) diag,mix in Table I , v
diag,mix in Table II and v
′′(i)
diag,mix in Table III , which are evaluated with r = 1 using the Monte Carlo integration routine BASES [7] for specific values of c 1 and c 2 + c 3 . The numerical accuracy is better than 0.01%.
Numerical values for v
diag,mix and v
′′(i)
diag,mix can be also obtained by using the results for vertex corrections of bilinear operators in Ref. [6] , in which the numerical values are evaluated in a different way. This is used as a check of our calculation. We note that a special case of c SW = 0 and c 1 = c 2 + c 3 = 0 represents combination of the Wilson quark action and the plaquette gauge action, for which perturbative renormalization factors for the baryon number violating operators has been already calculated [8, 1] . Comparison of our results with theirs gives us another check of our calculation. Numerical values in Tables I, II and III show that the one-loop coefficients in the vertex corrections diminishes by 10 − 20%
for the tree-level Symanzik action compared to those for the plaquette action. Further reduction of the magnitude is observed for the renormalization group improved actions.
These features are also found in the case of bilinear operators [6] .
In the continuum, the vertex correction at one-loop level is expressed as
The finite constant v diag is given by
for the NDR and DRED schemes with MS subtraction.
The vertex corrections on the lattice give the expression ofÕ
Comparing the results for the vertex corrections in the continuum and on the lattice, we obtain the vertex correction components in the renormalization factors of eqs.(30) and (31),
where ∆ V,mix is independent of the renormalization scheme in the continuum. To obtain the diagonal part of the renormalization factor in eq.(30), we also need the wavefunction component ∆ ψ . This quantity is already evaluated in Ref. [6] employing the NDR scheme in the continuum, where C F z ψ in their notation corresponds to our ∆ NDR ψ
. We note that
For the mixing part of the renormalization factor in eq.(31), ∆ ψ has no contribution.
IV. CONCLUSIONS
In this paper we have calculated the one-loop contributions for the renormalization factors of the three-quark operators employing the improved quark and gauge actions. Detailed numerical values of the one-loop coefficients are presented for general values of the clover coefficients and for some specific values of c 1 , c 2 and c 3 in the gauge action improved by the Symanzik and renormalization group approaches. We find that the magnitude of the one-loop coefficients are considerably reduced for the improved gauge actions compared to those for the plaquette action, which is a desirable feature in the practical implementation of lattice QCD. 
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